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Abstract
We consider black-brane spacetimes that have at least one spatial translation Killing
field that is tangent to the brane. A new parameter, the tension of a spacetime, is defined.
The tension parameter is associated with spatial translations in much the same way that
the ADM mass is associated with the time translation Killing field. In this work, we
explore the implications of the spatial translation symmetry for small perturbations around
a background black brane. For static charged black branes we derive a law which relates
the tension perturbation to the surface gravity times the change in the the horizon area,
plus terms that involve variations in the charges and currents. We find that as a black
brane evaporates the tension decreases. We also give a simple derivation of a first law for
black brane spacetimes. These constructions hold when the background stress-energy is
governed by a Hamiltonian, and the results include arbitrary perturbative stress-energy
sources.
1 traschen@physics.umass.edu
2 dosmanos@math.duke.edu
1. Introduction and Summary of Results
In this paper, we introduce a new gravitational charge, the spacetime tension. The
idea of the tension of a spacetime is simple. A particle-type object, like a billiard ball, has
a rest mass. When the mass becomes large and the self-gravity of the object is important,
as for a star, there are gravitational contributions to the total mass of the system. The
mass M of an asymptotically flat spacetime is defined as a boundary integral of the long
range gravitational field, and can be constructed as a conserved charge associated with the
asymptotic time translation Killing vector. Now, consider an elastic band, rather than a
ball. This has tension as well as mass. Suppose that the elastic band is either infinite or
wrapped around an S1 factor of the spacetime. If the band becomes self-gravitating, then
there will be a gravitational contribution to the tension. In analogy with mass, the tension
µ of a spacetime is the charge associated with an asymptotic spatial translation Killing
vector which is tangent to the band.3.
The tension of a spacetime arises as an extension of the usual ADM gravitational
charges that are derived from the variation of the gravitational Hamiltonian. Let Ht be the
Hamiltonian that generates flow along a timelike vector field . The lapse and shift appear as
Lagrange multipliers in Ht. Regge and Teitelboim [4],[5] computed the variation of Ht for
asymptotically flat spacetimes. Evaluated on solutions, it is given by the sum of boundary
integrals at spacelike infinity, multiplied by the Lagrange multipliers. For asymptotically
flat spacetimes, the asymptotic symmetry group is the Poincare group. They demonstrated
that if the Lagrange multipliers are chosen to be asymptotic to the generators of the
Poincare group, then the variation of Ht is the sum of the variation of the gravitational
four-momentum and angular momentum, each multiplied by the corresponding generator.
For example, the variation in the ADM mass δM is the coefficient of an asymptotic time
translation.
If we now consider a spacetime that is asymptotically flat cross an S1, then the asymp-
totic symmetry group has an additional spatial translation Killing vector ∂
∂x
. Therefore in
the Regge-Teitelboim construction the variation of Ht contains an additional linear mo-
mentum term δP x. The key step in defining the spacetime tension is to note that because
3 After the first version of this paper appeared, work of Townsend and Zamaklar [1] appeared
which also defined the spacetime ‘fvztension, using the covariant techniques of [2] . It is straight-
forward to check that the two expressions for the definition of tension agree. Recently, one of us
has used spinor techniques to prove a positivity result about gravitational tension [3]
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of the covariance of the theory, one can just as well write down a Hamiltonian funtion
Hx which generates flow along a spacelike vector field, asymptotic to ∂∂x . The variation
in the gravitational tension δµ is then defined by computing the variation in Hx when
the Lagrange multiplier is asymptotic to ∂∂x . This construction will be given in Section 2
below.
We will also be interested in properties of perturbations to the gravitational mass
and tension of p-brane spacetimes. When a spacetime has a symmetry, then often one
can prove useful relations that hold for perturbations around the spacetime. The most
famous example of this is the first law of black hole mechanics [6] , which holds if the
background spacetime has a stationary Killing field ξa. In addition to ξa, a black p-brane
spacetime may have one or more spatial translation Killing fields Xa tangent to the brane.
It is natural to ask whether there is another law of black brane mechanics that relates
variations in the tension δµ, to variations in the geometrical properties of the horizon.
In order to address this, we start in Section 2 by deriving a general integral identity, or
constraint, which holds on solutions to the linearized Einstein equation coupled to matter
fields. The derivation assumes that the background stress-energy comes from a matter
Hamiltonian. Perturbative stress-energy sources are included, and these need not have a
Hamiltonian description. For definiteness, when writing out explicit formulae, we assume
that the background stress-energy comes from a (p + 1)-form abelian gauge field, which
generally arise in supergravity theories and couple top-branes. This general construction
is then used to prove three results concerning perturbations of black p-branes.
First, to illustrate the techniques, in Section 3 we give a simple proof of the first law
as it applies to black branes. For example, let the background spacetime be a static black
2-brane which is electrically charged with respect to the 3-form gauge potential Aabc. Let
the directions tangent to the 2-brane be compact. Then using the static Killing field ξa,
our general construction gives the first law
δM =
κ
8π
δA+ ΩδJ − 3
2π
AtabδQ
tab +
∫
V
(ξaδT
(s)
tˆa
+ 4!Atcdδj
tcd). (1)
Here κ is the surface gravity, A is the horizon area, Ω is the angular velocity of the
horizon, and J is the angular momentum of the spacetime. δQeab = 4! ∫
∂V
NdacδF
cabe
is the variation of the electric charge, where F = dA . The volume integral gives the
contribution of perturbative sources δT
(s)a
b and charged currents δj
abc.
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Evaluating (1) in the case that the background spacetime has no horizons and no
gauge fields gives
δM =
∫
V
ξaδT
(s)
tˆa
, (2)
That is, δM is equal to integral of the local energy density, which agrees with our Newtonian
intuition about mass.
Second, in Section 4 we prove a statement analogous to equation (1) for variations in
the tension δµ of black branes. δµ is first defined by a boundary integral which depends
on Xa, the background metric, and the metric perturbation. The functional dependence
of δµ on Xa is similiar to the dependence of δM on ξa. The main result of this paper is to
derive a relation for δµ which is analogous to equation (1) . Consider again the example
of a static charged, black 2-brane, and that the brane wraps a 2-torus. Assume that the
spacetime has a spatial translation Killing vector Xa = ∂∂x , which is tangent to an S
1
wrapped by the brane. Then using Xa in our general construction gives the relation
δµ = − A
8πLH
δκ− 3
2π
AxabδQ
xab +
∫
Vx
[−XaδT (s)xˆa +
3
2π
AbcxδJ
bcx] (3)
Here LH is the length of the S
!, to which Xa is tangent, at the horizon. Vx is a subsurface
of an asymptotically flat slice which has x = constant. Using a Komar-Smarr relation,
this can be rewritten as
δµ =
κ
8π(n− 2)LH δA+ gauge field and source terms. (4)
As for δM , we can gain physical understanding of the quantity δµ by specializing (3)
to the case of perturbations off a spacetime with no horizons and no gauge fields. Then
δµ = −
∫
V
XaδT (s)xˆa, (5)
i.e., δµ is minus the integral of the x-component of the pressure of the stress-energy. This
is part of the justification of calling the boundary integral the tension. Note that the
momentum associated with the Killing field Xa is a different physical quantity; in this
same example, δP x =
∫
Σ
XaδT
(s)
tˆa
We use the term “tension” rather than “pressure” because test branes whose dynamics
are governed by the area action have positive tension. Note that the tension is associated
with a Killing field tangent to the brane, and is not a radial pressure as in a star. If the
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two-brane has a second translational Killing field Y a, then there is an analogous statement
for variations in the tension associated with the y-direction.
Third, we compute the variation in the tension δµ when a charged test brane moves
in a background magnetic field. Then δµ has contributions from the perturbation to the
enclosed current, and from the variation of the magnetic field on the boundary, as well as
the perturbed stress-energy. The resulting statement looks like a gravitational-Ampere’s
Law. This is worked out in Section (4.2) .
We close with some remarks about the relation of this work to some other work which
has used Hamiltonian techniques. References [7] and [8] studied the linearization instability
of Einstein-Maxwell and Einstein-Yang-Mills on spacetimes with compact spatial sections.
They prove that linearization instability occurs when the spacetime has a Killing field.
If the space is non-compact, there is no linearization instability. Instead, their approach,
which we employ here, yields an identity on solutions to the linearized equations. The
identity takes the form of a guass’s law constraint, with a boundary term. When the
Killing field of the spacetime is time translation, then the constraint is the first law (see
Section 3).
Reference [9] studies Einstein-Yang-Mills theory on spacetimes with non-compact spa-
tial sections. They use a Hamiltonian h for Einstein-Yang Mills theory which includes an
appropriate boundary term at infinity. Evaluated on solutions only the boundary term of
h is nonzero, and this is interpeted as the energy of the spacetime. The perturbations of h
are computed and this yields the First Law. By contrast, in this paper as in our previous
work [10][11] , we start with the field equations. The relations (1) and (3) are identities,
or constraints, on solutions to the linearized equations. The challenge is to understand the
geometrical meaning of the boundary terms. We argue that a particular boundary integral
can be identified as the tension of the spacetime.
The definitions and properties of the gravitational charges in asymptotically flat space-
times have been extensively studied. A nice feature of our approach is that one is not
limited to asymptotically flat boundary conditions. The constraint(s) must be true for per-
turbations about any background spacetime which has Killing vector(s), such as Reissner-
Nordstrom-deSitter or Ernst spacetimes. For example, consider a black hole in deSitter.
Let V be a spacelike slice bounded by the black hole and deSitter horizons. In this region
there is a static Killing field ξa. Using xia in our general construction gives the identity
κdsδAds = κbhδAbh, where κbh, κds are the surface gravities of the black hole and deSitter
horizons, and δAbh, δAds the change in the areas of the horizons. The interesting thing
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is that the boundary term which gives δM on an asymptotically flat boundary becomes
κdsδAds on the deSitter horizon.
This paper is organized as follows. In section 2 we derive general constraint relation
on perturbations for a foliation of the spacetime by either spacelike or timelike surfaces.
This relation is applied to prove the first law in section 3, and then to derive the constraint
on δµ in section 4. We show that the δµ constraint simplifies to equation (3)when the
background and the perturbations are static. Some geometrical properties of the horizon,
related to the existence of a spatial translation Killing field, are derived. Section 5 contains
concluding remarks. Appendix A contains some details of the Hamiltonian decomposition
of the three-form gauge field Lagrangian. In Appendix B we show that a p-form gauge
potential is constant on a bifurcate Killing horizon.
2. Integral Constraints on Perturbations
Since the idea of the derivation is simple, while the calculations are detailed, we first
outline the idea. The Hamiltonian techniques in [10][11][9] and the covariant techniques
in [12][6][13] are made use of. Consider the Einstein Lagrangian R coupled to matter
fields which are described by a Lagrangian, for example LM = −F 2. Let the spacetime
be foliated by spacelike slices, with timelike normal vector field n = −Ndt. One can then
construct the Hamiltonian which generates flow along the time direction ξa = ∂
∂t
. The
Hamiltonian Htot for the coupled Einstein-Maxwell system is pure constraint, namely the
sum of the Einstein constraints and Gauss’s law, multiplied by lagrange multipliers. On
solutionsHtot = 0. Perturbative solutions linearized about a background satisfy δHtot = 0,
where the variation is with respect to all the dynamical fields “p” and “q”. The latter
equation can be rewritten in terms of the adjoint operator δH†tot and a total derivative.
That is, one can integrate the equation over a volume V contained in a spatial slice, and
integrate by parts. This yields a volume integral of the adjoint, plus an integral over the
boundary ∂V . But the adjoint operator generates the Hamiltonian flow, and so Hamilton’s
equations imply that on solutions the volume integral is simply the lie derivative along the
direction ξa, of the p′s and q′s. If ξa is a Killing vector for the background then the
lie derivatives vanish and the result is greatly simplified. The resulting statement is an
identity, or constraint, which must hold on solutions to the linearized equations. If the
background spacetime is a black brane, this construction gives the first law [14]. To include
perturbative sources δS, one simply starts with the linearized equation δHtot = δS.
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Next consider foliating the spacetime with slices that have a spacelike normal vector
field. This defines a Hamiltonian flow along a spacelike field Xa. The construction of
Htot, δHtot and δH†tot is much the same as for the decompositon based on a timelike
normal. One just has to be careful about various minus signs. Again the conclusion is
that if Xa is a Killing field, then perturbations about the background spacetime obey an
integral constraint. The integration volume is now a Lorentzian slice, so its boundary
includes initial and final spacelike surfaces, plus the boundaries at infinity and along a
horizon if present. In general there are fluxes through the initial and final slices. However,
if the spacetime and the perturbations are static, the general statement can be reduced to
the constraint (3) on an asymptotically flat spatial slice .
The difference between the constraints derived by slicing the spacetime with a timelike
normal field, or with a spacelike normal, is similiar to the difference between Gauss’ Law
and Ampere’s Law in Maxwell theory. Start with Maxwell’s equations in covariant form,
∇aF ab = Jb. Then the difference between the derivation of the two laws is just the
choice of splitting spacetime into space plus time, or into space plus a smaller spacetime,
that is, taking the free index “b’ to be a time direction or a space direction respectively.
Gauss’s Law is a true constraint, whereas Ampere’s law holds only if the electric field
is time independent. Even so, Ampere’s law is still a useful relation. In Gauss’s law,
the source is the time component of the charged current; in Ampere’s law, the spatial
components contribute. Similiarly, in the gravitational construction the conserved charges
Qtab contribute to the mass, while the Qxab contribute to the tension. In general this will
include purely spatial components of the charged current. Having outlined the idea, we
now proceed with the details of the calculation.
2.1. The d + 1 Split
Let M denote a d+1-dimensional manifold with metric gab of signature (− + + · · ·+).
Let ∇a be the derivative operator compatable with gab, ∇agbc = 0. Let Σw be a family
of d dimensional submanifolds with constant coordinate w, possibly defined just in some
subset of M. Let n = n · nNdw be the unit normal to Σw, where n · n ≡ nana = ±1 if
na is spacelike or timelike respectively. We want to rewrite the Einstein equation in terms
of d dimensional quantities. Here we keep track of various minus signs that distinguish
between a spacelike and a timelike foliation. The details are omitted; the steps for the
usual 3 + 1 decomposition can be found in standard texts [15] [16].
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The metric gab induces a metric sab on Σw
gab = sab + (n · n)nanb , nasab = 0 (6)
and let Dascd = 0. The lapse N and shift N
a are defined by the decomposition
∂
∂w
=W a = Nna +Na , naN
a = 0
We will take the Einstein Lagrangian to be LG = +R. The momentum conjugate to
sab is
πab = (n · n)
√
|s|(Ksab −Kab) (7)
where Kab = s
c
a∇cnb is the extrinsic curvature of Σw. The projection of a tensor onto the
submanifold Σw will be denoted by A˜
b ≡ sbcAc. When no ambiguity arises we will drop the
”tilde”, for example, from their definitions, the shift, extrinsic curvature, and momenta
fields are tangent to Σ.
By considering a spacetime decomposition as introduced above one finds that the
components Gabn
b of the Einstein tensor only involve first derivatives in the w coordinate.
When W a is timelike then the components Gabn
b = 8πTabn
b are known as the Einstein
constraint equations. Here we will refer to these equations as constraints whether W a is
timelike or spacelike. Explicitly,
(n · n)HG = 16πTabnanb
(n · n)HGb = 16πsbcTcdnd
(8)
where
(n · n)HG = 2Gabnanb = −(n · n)R(d) + 1|s|(
π2
d− 1 − π
abπab)
(n · n)HGb = HGb = 2sbcGcdnd = −2(n · n)Da(|s|− 12 πab)
(9)
The Hamiltonian for Einstein gravity is pure constraint. Variation of the Hamiltonian
density
HG =
√
|s|(NHG +NbHbG) (10)
yeilds the vacuum Einstein equations. In the Hamiltonian variation, ′′q” is sab and ′′p” is
πab. N,N b are Lagrange multipliers.
In this paper, we consider General Relativity coupled to matter fields whose stress
energy is derived from a Lagrangian LM . We will assume that the matter LM can be trans-
formed to Hamiltonian form. The particular examples we work out have total Lagrangian
7
L = R−F 2 with F = dA. The matter Hamiltonian HM may contain additional constraint
equations C = 0, for example, Gauss’ Law. The total Hamiltonian for the coupled system
is
(N,Na, α) · Htot(g, π, A, p) =
√
|s|[N(HG +HM ) +Nb(HbG +HM )] + αC (11)
where α is a Lagrange multiplier for the matter constraints. Equations (8) and C = 0
imply that on solutions to the field equations,
(N,Na, α) · Htot(g, π, A, p) = 0 (12)
2.2. Derivation of Constraints
The derivation of constraints on perturbations [10] [11] which we use is based upon the
fact that the gravitational Hamiltonian density is a sum of constraints, (12) . This previous
work includes an analysis of the Einstein equation with a fluid stress energy, applied to
cosmological spacetimes. The fluid sources are described by a stress-energy tensor, and
not derived from a Lagrangian; typically the fluid is described by a density, pressure, and
velocity, rather than some more fundamental set of fields. In this paper we apply the
same constraint vector construction for Einstein gravity coupled to matter fields which
are described by a Lagrangian. The derivation is similiar to calculations of linearization
instability [7] [8] [17] . The linearization instability work was done for compact manifolds
without boundary. Here we work on non-compact manifolds, and the boundary terms are
of particular interest, since they are the mass, horizon area, and tension variations.
Gauss’ Law ∇aF abct = Jbct is a nice, linear constraint, which can be rewritten
in integral form. The following construction extracts a similiar Gauss’ Law type state-
ment from the linearized Einstein constraints , in the case that the background spacetime
has a Killing field. Let (s¯ab , π¯
ab, A¯abc, p¯
abc) be a solution to the field equations, where
pabc = 8
√|s|NF abcw is the momentum conjugate to Aabc (see Appendix ). Consider j
perturbations about this solution,
q′s : sab = s¯ab + ǫhab , Aabc = A¯abc + ǫδAabc
p′s : πab = π¯ab + ǫδπab, pabc = p¯abc + ǫδpabc
(13)
where ǫ≪ 1 .The result is derived by finding a judicious linear combination of the linearized
constraints. The idea is very simple, and to display this fact, we streamline the notation:
Define the variation δ by δf = δfδsab · hab +
δf
δpiab
· δπab + δfδAbcd · δAbcd +
δf
δpbcd
· δpbcd.
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Let F, βa be an arbitrary function and vector on Σw, and consider the linear combi-
nation of constraints (F, βa, Awbc) · Htot(g, π, A, p) = 0. The perturbative fields, which we
have divided above into δq′s and δp′s, are solutions to the linearized constraints
(F, βa, Awbc) · δHtot · (δq, δp) = 0. (14)
Rewrite (14) in terms of the adjoint operator and a total derivative,
(δq, δp) · δH∗tot · (F, βa, Awbc) +DaBa = 0 (15)
where Ba is a function of the δq, δp , the Lagrange multipliers, and of course the background
spacetime.
Therefore if F, βa are solutions to the differential equation δH∗tot · (F, βa, Awbc) = 0,
then any perturbation about the background spacetime must satisfy the Gauss’s Law type
constraint
DaB
a = 0 . (16)
When do solutions for F, βa exist? Hamiltons equations are (s˙,−π˙, A˙,−p˙) = H∗tot ·
(F, βa, Awbc), where f˙ is the lie derivative of f along V
a,
V a = Fna + βa (17)
So the requirement that (16) hold for all perturbations about the background is that the
lie derivative along V a of all the q′s and p′s is zero, that is, V a must be a Killing vector.
The boundary term vector is the sum of a gravitational piece and a contribution from
the matter fields, Ba = BaG +B
a
M , where
BaG = F (D
ah−Dbhab)− hDaF + habDbF + β
b√|s|(π
cdhcds
a
b − 2πachbc − 2δπab ) (18)
BaM = −
1√|s|Awδp
a + 4FF˜ abδA˜b +
2√|s|β
[apb]δA˜b , 1− form
BaM =
−3√|s| A˜bcwδp
abc + 8FF˜ abcdδA˜bcd +
2√|s|β
[apbcd]δA˜abc , 3− form
(19)
Here h = habs
ab and all indices are raised and lowered using sab. See Appendix A for some
details of the Hamiltonian decomposition of F 2.
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It is simple to include perturbative sources δT
(s)
ab , i.e, stress energy which does not
come from a Lagrangian. Equation (14) is replaced by
(F, βa, Awbc) · δHtot · (δq, δp) = δS (20)
where δS ≡ 16π(n · n)δT ab V bna − 4!AbcwδJbcw, where the charged current is defined by
∇aF abcd = Jbcd (21)
It follows that when V a = Fna + βa is a Killing vector, then DaB
a = δS. In integral
form, this is ∫
Σ
√
|s|δS =
∫
∂Σ
dacB
c (22)
(22) is the constraint on perturbations about a spacetime with a Killing field, when the
background matter fields come from a Lagrangian. Why is this last condition needed?
Consider the Einstein equation with a fluid stress-energy, as for cosmological spacetimes.
In a d+1 split, the form of the Einstein constraints (8) still holds, but Hamiltons equation
for p˙ becomes
δH∗
tot
δpiab
= −π˙ab + 8πNT abfl . One finds that the vector V a must satisfy a set
of equations different from Killings equation, for a constraint of the form (22) to hold
on perturbations [10] . V a was referred to as an integral constraint vector in that work,
and the Freidman-Robertson-Walker spacetimes turn out to have constraint vectors. Tod
[18] has shown that there exists a maximal set of solutions for V a when Σ can be locally
embedded in a space of constant curvature, and that in 3+ 1 dimensions this is related to
the existence of three-surface twistors.
3. First Law
In this section we use (22) to give a simple proof of the First Law for black branes.
Let M be a black brane spacetime with a bifurcate Killing horizon, and let V be an
asymptotically flat spacelike slice with timelike normal na. Assume that the directions
tangent to the brane are compact. For the non-compact case one must specify additional
boundary conditions at infinity along the brane. A simple example is the two-parameter
family of M2-brane spacetimes [19]
ds2 = f−2/3(−Hdt2 + dx2 + dy2) + f1/3(dr
2
H
+ δijdx
idxj)
Atxy = − q˜
r6 + q
+
q˜
q
(23)
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where f(r) = 1+q/r6, H(r) = 1−qo/r6. The parameters are related by q = qosinh2δ, q˜ =
qosinhδcoshδ. i, j = 1, ..., 7 are the transverse coordinates. The extremal, supersymmetric
case occurs when qo = 0.
First consider a slice V0 which intersects the horizon H on the bifurcation surface. For
example, the bifurcation surface of the M2-brane (23) has topology S7 cross T 2. Assume
that the spacetime has a stationary Killing field ξa = Fna + βa and substitute ξa = V a
in the constraint relation (22) . Using the asymptotically flat boundary conditions, the
boundary terms at infinity simplify, and have standard interpetations as the change in the
mass and the momentum, see e.g., [20] . The gravitational boundary term (18) becomes
−16πδM =
∫
∂V∞
dac[F (D
ch−Dbhcb)− hDcF + hcbDbF ]
16πΩδJG = −Ω
∫
∂V∞
dac
2φbδπcb√|s|
(24)
The terms −hDcF + hcbDbF do not contribute to the boundary around an asymptotically
flat black hole, but they may contribute in a black brane spacetime which includes compact
dimensions. For example, if the spacetime has topology of a compact manifold K cross
Rn, then F may depend on the coordinates zi on K. From the lower N -dimensional point
of view, the d + 1 dimensional δM would break up into an N -dimensional δM (N) plus
contributions from the variations in moduli fields.
Suppose that the background spacetime has no magnetic charge,
∫
∂V∞
F˜abcd = 0. Then
the integrand dadFF˜
dabcδA˜abc vanishes at infinity. So the contibution to the boundary
term at infinity from the gauge field is
< AtabδQ
tab > = 3
∫
∂V∞
dacAtab
δpcab√|s|
16πδJM =
∫
∂V∞
dac
2√|s|φ
[cpabe]δA˜abe
(25)
Here Qtab are the electric charges, δQtab = 3
∫
(∂Σ)∞
dac
δpcab√
|s| (= 4!
∫
Σ
δJ tab). The last
equality just reminds the reader of the relation between the electic field and charged
sources, if the electric field was generated by smooth sources.
JM is the gauge contribution to the angular momentum. If the gauge potential is
constant on the boundary at infinity, then < AtabδQ
tab >= AtabδQ
tab; otherwise the
charge term in the First Law is an average over the internal space.
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On the bifurcation surface of the horizon ξa vanishes, and the gavitational boundary
term is ∫
∂V0
dac(−hDcF + hcbDbF ) = 2κδA (26)
where κ is the surface gravity and A is the area of ∂V0
WhenH is a Killing horizon then it can be shown that for the one-form gauge potential,
Aaξ
a = constant on all of H, see e.g.,[13] [12] . We have not been able to generalize this
result to higher-form potentials. However, when the horizon has a bifurcation surface then
since ξa = 0, also Aabcξ
a = 0 there, as was used in [21] for black strings. Then all gauge
terms vanish on the horizon, and (22) gives the First Law,
δM =
κδA
8π
+ Ω(δJG + δJM )− 3
2π
< AbctδQ
bct > +
∫
Vo
(−δS)
16π
(27)
Here −δS16pi = ξ
anbδTab +
3
2piAbctδJ
bct . (27) assumes that there is no magnetic charge and
that the spatial slice Vo intersects H at the bifurcation surface. The perturbations are
arbitrary, i.e., not necessarily stationary.
In the magnetic case, there is a boundary contribution from F˜ abcdδA˜bcd . This is be-
cause the gauge potential is defined in patches, so when using Stokes theorem to change the
volume term to a boundary term, there are contributions from the boundaries of different
patches. In the spherically symmetric case, ds2 = mabdx
adxb + r2dΩ24, and F = QBω4,
where ω4 is the volume form on the unit four-sphere, this boundary term gives a contribu-
tion proportional to δQB: the integral factors into QBVI
∫
drr−4
√−m ∫ dαdβdγ(δANαβγ−
δASαβγ), where α, β, γ are coordinates on the S
3 boundary of the N and S patches, and VI
is the volume of the remaining internal space. The integral over the S3 is δQB, but it would
seem that one needs to know the actual metric funtions to evaluate the remaining integral
dr, even in this simple case. It would be interesting to know if the magnetic contribution
could be evaluated in general.
3.1. Extension to General Slices
The First Law (27) was proved for arbitrary perturbations, but restricted to the case
when the spatial slice intersects H on the bifurcation surface. It is clearly more difficult
to evaluate the boundary term on a general cross section of the horizon, since ξa does
not vanish, and the momentum of the spatial slice πab is also nonzero. However, we can
use the divergence free property of the ICV boundary term as follows. Let the family of
12
spacelike slices {Vw} be asymptoticallly flat, and let V0 be a slice which intersects H at
the bifurcation surface. When there are no fluid sources, (22) becomes
∫
∂Vw
dacB
c = 0.
The boundary term vector Ba depends on the geometry of the spatial slice Vw in the
background, which we will indicate by ”ǫ” (see (13) ). First consider the vacuum case.
We have shown that for any w the contibution to (22) from the boundary at infinity is
−16πδM +ΩδJ . On V0, the boundary term at H gives 2κδA0. Since all the Vw share the
same boundary at infinity, (22) implies that the horizon boundary terms have the same
value for all w,
I(Vw; ǫ) ≡
∫
Hw
Bcdac = 16πδM = 2κδA0 (28)
Sorkin and [12] have shown that even with time dependent perturbations, the variation
in the expansion θ on the horizon is zero through linear order. This implies that δA0 = δAw,
ie, that δA is the same on each slice. Therefore (28) implies that I(VT ;λ) = κδAT , since
κ is constant over the horizon.
For Einstein-Maxwell, there is an additional contribution to the common boundary
term at infinity of −4AtδQ. What about the gauge term contribution at the horizon? For
a one-form potential, [13] ,[12] have proven that Aaξ
a vanishes on a killing horizon. In
appendix B we show that Aabcξ
a = 0 on a bifurcate killing horizon; it would be interesting
to know if this was true with just the assumption of a Killing horizon. Therefore, the total
boundary term on the horizon V0 is still 2κδA. As in the vacuum case, the inner boundary
contribution is fixed at 2κδA.
4. Constraint on Tension Variations
Let the background spacetime have a spatial translation Killing field Xa. We want
to work out the implications of the general constraint relation (22) when the Killing field
in the construction is taken to be Xa = ∂∂x and the d-dimensional slices Σ are surfaces
of constant x. The unit normal xˆa = L∇ax is spacelike, and sab is Lorentzian. (For this
decomposition we will write the normal as xˆa to distinguish from the timelike normal na
used in the last section.) So
gab = sab + xˆaxˆb , xˆ · xˆ = +1 (29)
As in Section 3, we will assume that the directions tangent to the brane are compact.
Therefore, we take the spacetime to have topology of RN × K, where K is a compact
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manifold. For example, for anM2-brane, K could be an S1 and N = 10, orK could be a 2-
torus cross a four (real) dimensional Kahler manifold, withN = 5. We also assume that the
spacetime is transverse asymptotically flat, i.e., is asymptotically flat in the noncompact
dimensions. The boundary of Σ at infinity is the product of a time interval and the (d−2)-
dimensional boundary of a (d−1)-dimensional spatial volume Vx, ∂Σ∞ = ∆t×∂V∞x . The
notation Vx indicates that x = constant in this volume, since it is a subset of Σ. The rate
of fall off of metric perturbations is hab → O(r−N+3) as r →∞.
We define the variation in the tension of the spacetime δµ to be to be minus the
gravitational boundary term (18) evaluated at infinity, divided by ∆t. With Xa = F xˆa +
βa,
16πδµ ≡ − 1
∆t
∫
∂Σ∞
dtdaa[F (D
ah−Dbhab)− hDaF + habDbF
+
βb√|s|(π
cdhcds
a
b − 2πachbc − 2δπab )]
(30)
The transverse asymptotically flat boundary conditions imply that the integrand at infinity
is independent of time, so the integral over t factors out, and
∫
dt/∆t = 1.
4.1. Perturbations off Minkowski Spacetime
We start by considering the integral constraint (22) when the background is flat
(d + 1 − p)-dimensional spacetime, cross a p-dimensonal torus. This will give a physi-
cal interpetation of the gravitational boundary term in the weakly gravitating limit. Let
δT
(s)b
a be perturbative sources which are localized in the transverse directions. The space-
time volume in (22) is Σ = ∆t × Rd−p × Ip−1 = ∆t × Vx. The integration over the time
interval ∆t cancels. Then
16πδµ ≡ −
∫
∂V∞
x
dac(D
ch−Dbhcb) = 16π
∫
Vx
dV (−δpx)
where δpx = δT
(s)b
a xˆ
axˆb
(31)
The volume integral is minus the x-component of the pressure of the source, i.e., it
is the x-component of the tension. Therefore it is reasonable to interpet the boundary
term at infinity as the spacetime tension. More precisely, δµ is the integral of the tension.
This is (minus) the force per unit (d− 1)-dimensional area, times the area, i.e., δµ is the
x-momentum flux. The term tension rather than pressure is being used here since test p-
branes governed by the area action have positive tension. We emphasize that the tension
is in a direction tangent to the source, and is not a radial pressure as in a star.
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4.2. Background Magnetic fields
One contribution to δM is the variation of the electric charge. This occurs because
δM is associated with the time translation symmetry of the background, and the Lagrange
multiplier of δQ is the time component of the gauge potential. When the ICV construction
is done using a spatial translation symmetry of the background, then there is a contribution
from the spatial component of the field strength instead. Consider the case when a test
brane moves in a static background magnetic field, which was studied for a test two-brane
in flat spacetime in [22] . Assume that there is no background electric charge. With
out gravity, this is the situation for Ampere’s Law. For example, suppose that there is a
background gauge potential Axyz(x
i), and a test two-brane that lies in the x − y plane
and moves in the z-direction. The brane generates a current δJxyz, which in turn induces
a change in the magnetic field δF cxyz satisfying
∫
∂D
dacδF
cxyz =
∫
D
dvδJxyz. Including
the gravitational field, then a perturbative current δJabc generates a perturbation to the
gauge field, and this causes a variation in the gravitational fields. Equation (22) becomes
16πδµ = −4!
∫
∂Vx
dabNAcdxδF
bcdx +
∫
Vx
[−16πXaδT (s)ba xˆb + 4!AbcxδJbcx] (32)
In the example above, there is a gauge field boundary term from a nonzero AxyzδF
xyzi,
rather than from a baackground electric charge.
4.3. Perturbations off Black Branes
Now we are ready to study perturbations of the spacetime tension in a black brane
spacetime. Assume that the spacetime has a static Killing field ξa, as well as the spatial
translation killing vector Xa, so that the horizon is a Killing horizon. For simplicity
we will specialize to the case where the slicing can be chosen such that Xa = Lxˆa ,
gxx = X
aXa = L
2. Let LH and L∞ equal length of the S1, to which Xa is tangent, at
the horizon and at infinity respectively. Let A equal to the area of the cross section where
the spatial slice V intersects the horizon, and let Ax be the area of the intersection of the
subsurface Vx with H, then
A = LHAx . (33)
We will also assume that Xa is tangent to the horizon, Xaξa = 0 on H.
First consider the contribution to (22) from the boundary on the horizon. In a neigh-
borhood of the horizon it is useful to write the metric in terms of null coordinates. Let
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ka = ∂∂λ and q
a = ∂∂U be null and geodesic, where k
a a geodesic generator of the horizon
and λ is an affine parameter. On H, ξa = κλka . Using these basis vectors the metric is
sab = γab − ξaqb − ξbqa (34)
where γ ba ξ
a = 0, γbaq
a = 0 and kak
a = qaq
a = 0. We normalize qa by ξaqa = −1 on H.
Our assumptions on Xa are
Xa = Lxˆa , Xa = γabX
b on H. (35)
The gravitational boundary term (18) depends on derivatives of L. On the horizon,
expand the gradient of the norm X ·X in the above basis. Since ξa, Xa are Killing vectors
and ξa is null, the expansion is of the form
∇a(XbXb) = 2L∇aL = −2νξa + γabCb (36)
To evaluate the boundary term on the horizon, we will see that one only needs the
form of the expansion (36) and not the values of ν and Ca. The area element on H is
dab = −kb√γdλdy, where dy indicates integration over all the spatial coordinates except
x. Substituting (36) into (18) ,the integrand is
−kaBa = − 1
κλ
ξaB
a
= − L
κλ
[(ξaDbh
ab − ξaDah) + 1
L
(µξaξbh
ab + ξah
abCb)]
(37)
To evaluate this, we make the gauge choices δξa = 0 and δqa = 0 . These are consistent
conditions when the spacetime is static 4. Since the hypersurface is fixed, we also have
that δna = 0. The inner product conditions which define (34) hold in the background and
the perturbed spacetime. Using these conditions, one finds that on H, ξahab = 0. So the
integrand on the horizon reduces to
−kaBa = − L
κλ
[(Da(ξbh
ab)− ξaDah)] (38)
where we have used the fact that ξ is a killing vector.
4 When the background spacetime is stationary, the Killing field which generates the horizon
is a linear combination of the time translation and rotational Killing vectors ξa = ta+Ωφa. Then
a superior choice of gauge conditions for evaluating the boundary term are δta = 0, δφa = 0 [6][13].
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The spacetime volume Σx in (22) is a slice of constant x. ∂Σx is the sum of initial
and final timelike slices, a null boundary over part of the horizon, and a timelike boundary
at infinity. At infinity the spacetime approaches the direct product of asymptotically flat
Minkowski spacetime cross a (static) compact space K. The integration at infinity reduces
to an integral over the spatial boundary times a time interval ∆t, where t is the asymptotic
killing time parameter. In general, the initial and final slices will contribute to relation
(22) , which therefore is a time-dependent flux balance statement. There does not appear
to be much one can say about this general case. However, if the background spacetime
and the perturbations are static, then we can extract an interesting statement, which we
now turn to.
4.4. Static Perturbations: Reduction to a Spacelike Slice
In this section, we assume that the perturbations are static, as well as the background.
This allows reduction of the integral constraint on δµ to a statement on a spacelike slice
Vx. The perturbations need not be translationally invariant. We choose Σ as follows. Pick
an asymptotically flat spacelike slice, which can intersect the horizon at an arbitrary cross
section. Choose (∂Σ)i, the initial spacelike boundary of Σ, to be a volume contained in
this slice, with inner boundary Rin and outer boundary Rout. We will eventually let Rin
go to the horizon and Rout to spatial infinity. The static Killing field ξ
a = ∂
∂t
is timelike
in this volume. Define the spacetime volume Σ by lie dragging (∂Σ)i an amount ∆t along
the flow of ξa to (∂Σ)f . Then for static perturbations, the integral of the boundary term
over the final time slice is equal in magnitude to the integral over the initial time slice,
and so these terms cancel in the integration over ∂Σ.
The outer boundary of Σ includes an integration over an interval ∆t. Take the inner
boundary to the horizon, which includes integrating over an interval of affine parameter
∆λ. On H, ξa = ∂∂s = κλ ∂∂λ . Flowing along ξa in a neighborhood of the horizon, one has
dλ = ∂λ∂s ds = κλds. Therefore, upon lie dragging the initial spatial surface by ∆t = ∆s,
∫ f
i
dλ
λ
= κ∆t (39)
Now we can evaluate the boundary term (37) on the horizon. For static perturbations,
ξaDah = 0. Using (35) Killings equation, and the gauge condition habξ
a = 0 on H,
Da(h
abξb) = Dc[h
b
aξb(γ
ca − ξcqa − ξaqc)]
= −ξcDc(habξaqb)− qcDc(habξaξb)
(40)
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The first term vanishes for static perturbations, and the second term is proportional to the
change in the surface gravity: From the definition of κ, and the gauge condition δqa = 0 ,
2δκ = qc∇c(habξaξb). (40) then implies that
2δκ = −Da(habξb) (41)
Combining (38) ,(39) ,and (41) we can evaluate the boundary term on the horizon, in
the case that the perturbations are static. We find
−
∫ √
γdλdykaB
a = −2δκ A
LH
∆t (42)
where we have used equation (33). Note that the time interval ∆t will cancel an identical
contribution from the boundary term at infinity, so one is left with a statement on a
spacelike slice. This is what one expects for the static case; the spacetime integral reduces
to a statement which is independent of which time.
The gauge field boundary integrand is Abcxδp
bcddad. If the brane carries electric
charge and is static, then only the tangent components of the gauge potential are nonzero.
Pecisely, suppose that Abcx = Σifiξ[buc]. Then since dad ∼ ξd the gauge boundary term
vanishes on H.
Then using (42) , equation (22) becomes
δµ = − Aδκ
8πLH
− 3
2π
< AbcxδQ
bcx >x −
∫
Vx
1
16π
δS( ~X) (43)
where
1
16π
δS( ~X) = NδT ab Xbxˆa −
3
2π
AbcxδJ
bcx , (44)
LH is defined in equation (33) and where δµ is given by
16πδµ = −
∫
∂V∞
x
dacB
c
G =
∫
∂V∞
x
dac[L(D
ch−Dbhcb)− hDcL+ hcbDbL] . (45)
The brackets< ∗∗ >x indicate integration over internal dimensions, with x is held constant,
< AxabδQ
xab >x= 3
∫
∂V∞
x
dacAxab
δpcab√
|s| . If the gauge field goes to a constant at infinity,
then < AbcxδQ
bcx >x= A
∞
bcxδQ
bcx.
Equation (43) is the main result of this paper. It relates variations in the spacetime
tension to variations in the horizon geometry, the gauge fields, and sources. The derivation
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of (43) assumes that the spacetime and the perturbations are static, the brane is electric,
the Killing field Xa is orthoganal to the surfaces of constant x, and that Xa is tangent to
the horizon.
The Aδκ term can be replaced with a κδA term by using a Smarr-Komar type relation,
as follows. For a solution to the Einstein equation in n dimensions with static Killing vector
ξa, −12
∫
∂V
dSab∇bξa = 8π
∫
V
dV (T ab − gab Tn−2 )ξbna,→ 8π n−3n−2
∫
ρ in the non-relativistic
limit. This implies the normalization for the Komar mass, 8π n−3
n−2M ≡ −12
∫
∂V
dSab∇bξa.
Applying this Stokes relation when there is a boundary at a horizon, and with gauge fields
gives
8π
n− 3
n− 2M = κA − 6 < AbctQ
bct > +8π
∫
V
L
√
q(T ab − gab
T
n− 2)ξ
bna (46)
In equation (46) , and in the next few formulae, we will need to distinguish between the
volume elements on V and Vx. These will be written as L
√
q and
√
q respectively.
For simplicity of presentation we will now specialize to the case where there are no
gauge fields, Aabc = 0. It is straightforward to keep track of all the gauge field con-
tributions, but the resulting expression is rather lengthy. Instead we will focus on the
gravitational and stress-energy contributions. Varying (46) and using the First Law gives
Aδκ = − κδA
n − 2 −
8π
(n− 2)
∫
V
(δT ab ξ
bna − ξcncδT )L√q (47)
Therefore
δµ =
κδA
LH8π(n− 2) −
∫
Vx
√
q
(
NδT ab X
bxˆa +
L
LH(n− 2)
∫
dx(δT ab ξ
bna − ξcncδT )
)
(48)
Comparing the First Law (27) and (48) shows that in general δM and δµ are independent
physical quantities.
Actually, we should compare the mass per unit length to δµ so that the quantities
have the same units, since in defining δµ we divided by the length of the time interval ∆t.
Since we are fixing boundary conditions at infinity, it makes sense to regard the length L∞
as fixed, and let M¯ = ML∞ . When Tab = 0,
δM¯ =
κδA
8πL∞
, δµ =
κδA
(n− 2)8πLH (49)
So under classical processes the tension increases; under Hawking evaporation, the black
brane unstresses.
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4.5. Horizon Geometry
The surface gravity and area are purely geometrical properties of a Killing horizon.
The definition of surface gravity, and the fact that it is constant, depend on the fact the
horizon is generated by a Killing field. Similiarly, one can ask if the existence of the
spacelike Killing field Xa implies any geometrical properties of the horizon? Let us recall
how the notion of the surface gravity arises. On the horizon, ξ · ξ = 0. The gradient of the
norm defines the surface gravity, ∇a(ξ · ξ) = −2κξa. The gradient does not have terms of
the form γabW
b since the vorticity of ξa, ∇[bξc], vanishes when projected onto the horizon.
These properties imply that that κ is a constant on H [6] when RabξaW b = 0 for all W a
which are tangent to H. (So κ is constant in vacuum and Einstein-Maxwell black holes, for
example .) κ then appears in the horizon boundary term, because the boundary integrand
involves the derivative of the norm of the constraint vector.
We continue to assume equation (35) , thatXa is hypersurface orthogonal and tangent
to the horizon. Define the vorticity of Xa by wab = ∇[aXb] = ∇aXb. The vorticity
projected onto the horizon is wˆab = γ
c
aγ
d
bwcd. (36) defines the rate of change of the norm
ofXa, which is analogous to the definition of surface gravity. The last term in (36) vanishes
if wˆab = 0. While the vorticity of the null generator ξ
a necessarily vanishes on H, this is
certainly not the case for a generic Killing field. For example, a rotational Killing vector for
a spherically symmetric black hole has nonzero projected vorticity. However, it is true in
cases of interest for a spatial translation –e.g. in (23) , the static black M2-brane solutions.
If wˆab = 0, then (36) becomes
∇a(X ·X)|H = 2L∇aL = −2νξa . (50)
We will show that with this assumption, then (i) the norm X · X is constant on H, (ii)
there is a simple formulae for the coefficient ν in terms of scalar quantitites, and that (iii)
2νκ = RabX
aXb on H.
Let Da satisfy Daγbc = 0. Then DcγabXb = γmc γan∇mXn + (X · q)γmc γan∇mξn = wˆac ,
since the projected vorticity of ξa vanishes on H. Therefore Db(X ·X) = −2Xawˆab = 0,
i.e., the norm is constant on H. In general the norm is a non-zero constant; for extremal
branes wrapped around the x-direction, X ·X = ξ · ξ which is zero on H.
The coefficient ν in (50) which describes the rate of change of the norm is given by
ν = Xaqb∇bXa. This is ananlagous to κ = ξaqb∇bξa(= ξaξb∇aqb). The surface gravity can
also be computed by the formulae κ2 = lim12∇aξb∇aξb = lim(ξ · ξ)−1(ξa∇aξb)(ξc∇cξb),
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where the limit is taken as the ratio approaches the horizon. The latter expressions do not
contain the basis vector qa.
Using a derivation similiar to the arguements in [13] [16] , we next show that (35) and
wˆab = 0 imply
ν2 = lim
1
2
X ·X
ξ · ξ ∇aXb∇
aXb = lim
(Xa∇aXb)(Xc∇cXb)
ξ · ξ . (51)
Since Xa is a Killing field,
3X[awbc]X
[awbc] = X ·Xwbcwbc + 1
2
∇c(X ·X)∇c(X ·X). (52)
Equation (35) states thatXa is hypersurface orthogonal, in which case Froebenius’ Theorm
states that X[awbc] = 0. (52) becomes
−(X ·X)wabwab = 1
2
∇c(X ·X)∇c(X ·X). (53)
Evaluating this on the horizon with (50) implies that wabw
ab = 0 .5 Now, the Froebenius
condition implies that the left hand side of (52) is zero, and so is its gradient. The second
term on the right hand side approaches −2ν2ξ ·ξ on the horizon, but its gradient is nonzero.
Therefore dividing (52) by ξ · ξ and taking the limit as the horizon is approached gives
0 = limX ·Xwabwab(ξ · ξ)−1 − 2ν2, which is the desired result. The second form in (51)
follows from using (53) .
Lastly we show that when wˆab = 0 , 2νκ = RabX
aXb on H. As just noted, on H
wabw
ab = 0. Since Xa is a Killing field, −RabXaXb = Xa∇c∇cXa = 12∇c∇c(X · X) −
wabw
ab = 12∇c∇c(X ·X) = −ξaqb∇a∇b(X ·X) = −qb∇b(X ·X)(ξaξc∇aqb) = νκ, where
we have used the fact that X ·X is constant on H. So ν = 0 in a vacuum spacetime, as
long as the surface gravity is non-zero.
5. Concluding Remarks
Expressions such as (27) for δM let us make contact with our Newtonian intuition,
since (27) states that one contribution to δM is an integral over δTtt, though δM is defined
even when Tab = 0. The idea of the construction in this paper, is to relate the integral
5 Note that wabw
ab = wˆabwˆ
ab
− 4γbe(ωbcq
c)(ωef ξ
f ) − 2(ωbcq
bξc)2 On H, γbe(ωef ξ
f ) = 0.
Therefore if w˜ab = 0 on H, then ωbcq
bξc = 0 and the only possible nonzero components of the
vorticity are γabqcωbc.
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of other components of the stress energy to boundary integrals, possibly with a horizon
present. Foliating the spacetime by x = constant surfaces in the Hamiltonian construction,
and using the Killing vector Xa = ∂∂x relates the integral of δTxx to a boundary term.
Using this boundary term, δµ is still defined even when Tab = 0.
There is a tension µ(i) and a constraint on δµ(i) for each symmetry
∂
∂wi . The ex-
pressions have different forms for directions in which a charged brane is wrapped, and
directions which are not wrapped. If ∂∂x is tangent to the gauge potential, then δQabx
enters the constraint δµ(x), whereas if
∂
∂w
is a symmetry direction but is not tangent to
the gauge potential, there is no contribution from the gauge field to δµ(w). We see from
comparing the first law (27) to (48) or (43) that in general δM and δµ are independent
physical quantities. For example, perturbative sources contribute differently to the mass
and the tension. s In order to derive constraints which have the same form as the first law,
we assumed that the spacetime has a spacelike and a timelike Killing vector. Analysis of
δµ could alternatively be done for a cosmological spacetime which has spatial isometries,
but is not static. This might provide just such a contrast as is generally useful for our own
instruction, and our neighbors’ entertainment.
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Appendix A. The Hamiltonian Formulation of LM = −FabcdF abcd in Curved
Spacetime
Let the total Lagrangian be L = LG + LM = R − F 2, where Fabcd = 4∇[aAbcd]. The
metric is split as in (6) . The field coordinate is A˜abc = s
m
a s
n
b sc−lAmnl and the momentum
conjugate to A˜abc is p
abc = δ
√−gLM
δ∂wA˜abc
= −8N√|s|F˜wabc = −8(n · n)√|s|F˜ dabcnd. Carrying
out the standard Legendre transform, the Hamiltonian density is
√
|s|HM = N [−(n · n)
16
√|s| pabcp
abc +
√
|s|F˜ 2] + 1
2
NdF˜dabcp
abc − 3A˜bcw∂apabc (A.1)
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Hamilton’s equations are
˙˜Aabc =
δ
√|s|HM
δpabc
=
−(n · n)N
8
√|s| pabc +
1
2
NdF˜dabc + 3∂[aAbc]w
p˙abc = −δ
√|s|HM
δA˜abc
= 8
√
|s|Dd(NF˜ dabc) +Dd(N [dpabc])
0 =
δ
√|s|HM
δAbcv
= −3∂apabc
(A.2)
In the ICV construction one uses
δ
√|s|HM
δsab
=
(n · n)N
16
√|s| [
1
2
pcdepcdes
ab − 3pacdpbcd] +N
√
|s|(1
2
F˜ 2sab + 4F˜ acdeF˜ bcde) (A.3)
With these ingredients, one finds the boundary term (19) when performing the variations
to arrive at (15) .
We also record the corresponding expressions for the one-form gauge potential, which
serves to completely define the boundary term (19) . Let LM = −F 2, where Fab = 2∇[aAb].
Then pa = 4(n · n)
√
|s|ncFcbsab = −4N
√
|s|Fwa is the electromagnetic momentum con-
jugate to A˜a . The Hamiltonian density is
√
|s|HM = N [−(n · n)
8|s| pap
a + FabF
ab]−NbpaFab +−Aw∂apa (A.4)
And Hamilton’s equations are
A˙a =
δHM
δpa
= −(n · n)N
4
√|s| pa − F˜abN
b + ∂aAw
p˙a = −δ
√|s|HM
δAa
=
√
|s|Db4NF˜ ba − 2Dbp[bNa]
0 =
δHM
δAw
= −∂ipi
(A.5)
Using these expressions, one finds the one-form boundary term in (19) when working
out (15) . In this case, the charge term in the First Law (27) , is replaced by 1
4pi
AtδQ,
where δQ =
∫
∂V
NdacF
ct =
∫
V
J t ,∇aF ab = Jb. The gauge field contribution to the
angular momentum is δJM = − 116pi
∫
∂V
daa√
|s|(2p
[aφb]δA˜b)
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Appendix B. Constancy of p-form gauge potential on H
Let H be a bifurcate killing horizon, with null generator ξ. One can choose a gauge
such that LξA = 0, where A is the p-form gauge potential. Let s be a coordinate along
an integral curve of ξ, ξ = ∂∂s . If A is a one-form, then Lξ(A · ξ) = 0, which implies that
A · ξ is independent of s along the curve. Then on H, A · ξ = 0, since it is zero on the
bifurcation surface.
Next let A be a two-form, and define the one-form ua = Aabξ
b. Then Lξu = 0, and
Lξu·u = 0. So the norm u·u is a constant independent of s on each integral curve of ξ. Since
u ·u = 0 on the bifurcation surface, it follows that everywhere on H,u ·u = 0. But now the
inner product is positive definite, since the metric can be written as gab = γ¯ab−ξaqb−ξbqa
(similiar to (34) ). So u · u = (γ¯ab− ξaqb − ξbqa)AacξcAbdξd = γ¯abuaub. Therefore ua = 0 on
H. The case for a three-form gauge potential proceeds in the same way.
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